ABSTRACT: The hydromagnetic nanofluid flow over a stretching sheet in a porous medium with variable wall thickness in the presence of Brownian motion and thermophoresis is investigated. The heat transfer characteristics with variable conductivity are explored by using Cattaneo-Christov heat flux model. The governing non-linear ordinary differential equations are solved by using boundary value problem default solver in MATLAB bvp4c package. The impact of various important flow parameters on velocity, temperature and nanoparticle concentration as well as the friction factor coefficient and the rate of heat and mass transfer coefficients are presented and discussed through graphs and tables. It is found that the fluid velocity is accelerated with an increase in wall thickness parameter for n > 1, while the reverse trend is observed for n < 1.
INTRODUCTION
In recent years, the investigation of variable thickness stretching sheets with nonflatness is useful in the civil, marine, mechanical, aeronautical structure and designs etc. The variable thickness can be used to minimize the weight of structural elements. With this intention several researchers are attempt the flow problems by considering variable wall thickness stretching sheets.The study of stretching sheet flows with variable wall thickness has developed after the first study invented by Fang et al. [1] . The impact of temperature dependent viscosity and thermal conductivity on MHD flow over a stretching sheet with variable wall thickness was investigated by Anjali Devi and Prakash [2] . They found that the fluid properties like viscosity and thermal conductivity may gets vary at very high temperatures. Later, the influence of thermal radiation on MHD viscous flow over a slendering stretching sheet was considered by Anjali Devi and Prakash [3] . Furthermore, the hydromagnetic forced convective slip flow over a slendering sheet is considered by Anjali Devi and Prakash [4] and found that increasing wall thickness parameter causes to thinner thermal boundary layer structure.Vajravelu et al. [5] obtained the impact of Hall effects on hydromagnetic flow with variable fluid properties over a stretching sheet with variable wall thickness.Hayat et al. [6] studied the hydromagnetic nanofluid flow of a PowellEyring fluid over a stretching sheet with variable thickness and acknowledged that the higher values of velocity power index parameter enhances the surface drag coefficient. Further, Hayat et al. [7] analyzed the magnetic nanoparticles of tangent hyperbolic nanofluid over a stretching sheet with variable wall thickness and concluded that the velocity distribution decreases in terms of Weissenberg number and magnetic parameter.Kumar and Varma [8] investigated the magnetohydrodynamic nanofluid flow through porous medium over a slendering sheet under the influence of viscous dissipation, thermal radiation and chemical reaction and found that radiation parameter and thermophoresis parameter enhances the nanofluid temperature. Later, Kumar et al. [9] analyzed the hydromagnetic 3D slip flow over a slendering sheet by using single walled and multiwalled nanotubes. Recently, the non-linear MHD nanofluid flow with variable boundary-wall thickness is analyzed by Prasad et al. [10] and concluded that the flow decelerated with suction and accelerated with injection.
The temperature variations between two different bodies causes heat transfer mechanism. It plays an important role in the production of energy, cooling of nuclear reactors, biomedical applications for example heat conduction in tissues and drug targeting. Fourier [11] was originate the heat transfer phenomenon, which is parabolic energy equation for temperature field and has drawback that initial disturbance is felt instantly throughout the whole medium. So, Cattaneo [12] revised the Fourier law of heat conduction by adding the thermal relaxation term. This terms causes heat transportation in the form of thermal waves with finite speed. Furthermore, Christov [13] used the Oldroyd's upper convected derivative in place of time derivative in order to attain the material-invariant formulation. Therefore, this new model is known as Cattaneo-Chirstov heat flux model.The following researchers are analyzed the Cattaneo-Christov heat flux model in different geometries. Tibullo and Zampoli [14] examined the uniqueness of Cattaneo-Christov heat flux model for incompressible fluid flows.Han et al. [15] presented stretched Maxwell fluid flow with Cattaneo-Chirstov heat flux model. Shahid et al. [16] provided the influence of Cattaneo-Christov heat flux model on radiative Maxwell visco-elastic magnetized flow over a stretching permeable sheet.Mustafa [17] presented the Cattaneo-Christov heat flux model for Maxwell fluid over a stretching sheet and he concluded that velocity is inversely proportional to the visco-elastic fluid parameter. Moreover, fluid temperature has inverse relationship with the relaxation time for heat flux and with the Prandtl number. The hydromagnetic flow of Williamson fluid over a slendering stretching sheet with Cattaneo-Chirstov heat flux model was proposed by Salahuddin et al. [18] . The impact of Cattaneo-Christov heat flux model on squeezing MHD nanofluid flow between two parallel plates with thermal radiation is considered by Dogonch and Ganji [19] . The flow of carbon nanotubes with chemical reaction over curved stretching sheet by using Cattaneo-Chirstov heat flux model was investigated by Hayat et al. [20] . The upper-convected Maxwell fluid flow over an exponentially stretching sheet using Cattaneo-Christov heat flux model is considered by Khan et al. [21] . Straughan [22] studied the thermal convection in an incompressible flow of upper converted Maxwell fluid by using Cattaneo-Christov model. The MHD 3D upper-convected Maxwell fluid flow over a stretching sheet with Cattaneo-Christov heat flux model is discussed by Rubab and Mustafa [23] . The hydromagnetic flow of a Casson fluid over a stretching sheet with variable wall thickness was analyzed by Malik et al. [24] .
The aim of the present study is to investigate the hydromagnetic boundary layer flow of a nanofluid over a stretching sheet with variable wall thickness by using a new heat flux model namely; Cattaneo-Chirstov heat flux model. In this study, we consider the nanofluid thermal conductivity and species molecular diffusion coefficient are varying as linear factions of temperature and concentration. The resulting set of transformed equations is solved by using MATLAB bvp4c package. The influence of various important parameters are discussed and analyzed through graphs and tables.
MATHEMATICAL FORMULATION
We consider a steady two dimensional MHD flow of viscous incompressible and electrically conducting nanofluid in a porous medium bounded by a stretching sheet with variable wall thickness. Cattaneo-Chirstov heat flux model is used to investigate the heat transfer characteristics. It is assumed that the nanofluid thermal conductivity and species molecular diffusion coefficient is variable. The origin is located at the slit. The x−axis is chosen in the flow direction and the y−axis is normal to it (see Fig. 1 ). Let u w (x) = U 0 (x + b) n is the stretching sheet velocity (where U 0 is the constant, b is the physical parameter related to sheet and n is velocity exponent parameter). We assume that the present analysis is valid only for n = 1, since for n = 1 the problem reduces to a flat sheet. T w and C w are constant temperature and nanoparticle concentration, respectively. Buongiorno's model is incorporated to study the combined effects of thermophoresis and Brownian motion. A variable magnetic field B(x) = B 0 (x + b) (n−1/2) acts in a transverse direction to the flow; also, the nonuniform permeability of the medium can be taken as the form K = k (x + b) 1−n . We assume that the sheet is not flat and is defined as y = A(x + b) (1−n)/2 (n = 1) transverse direction to the flow; also, the non-uniform permeability of the medium can be taken as the form
We assume that the sheet is not flat and is defined as
n  (where A is chosen as very small constant. So that the sheet is adequately thin to avoid a measureable pressure gradient along the sheet i.e 0
Figure 1 Physical model and co-ordinate system.
Under aforesaid assumptions, the governing boundary layer approximations can be written as (see [10] and [25] ) 0 uv xy (where A is chosen as very small constant. So that the sheet is adequately thin to avoid a measurable pressure gradient along the sheet (i.e. ∂p ∂x = 0). Under aforesaid assumptions, the governing boundary layer approximations can be written as (see [10] and [25] )
we used a new flux model called as Cattaneo-Chirstov heat flux model and it has taken in the following form
Here λ 2 for the relaxation time of heat flux, k(T ) for variable thermal conductivity which is linearly depends on fluid temperature. If λ 2 = 0 in Eq. (3), then the problem reduces to classical Fourier's law. Since the fluid is incompressible therefore Eq. (3) can be written as
Comparing Eqs. (3) and (6) and eliminating q, we get the energy conservation law corresponding to Cattaneo-Chirstov heat flux model as follows:
The variable thermal conductivity and variable molecular diffusivity are taken in the forms as [10, 27] 
The associated boundary conditions are
Here (u, v) denote the velocity components along x− and y−directions, respectively. λ 1 is the relaxation time, ν is the kinematic viscosity, ε 1 and ε 2 are the variable thermal conductivity, variable species diffusivity parameters, respectively. θ is the dimensionless temperature, φ is the dimensionless concentration, k ∞ , D B∞ are the ambient fluid thermal conductivity and Brownian diffusion coefficients, respectively. Also, D T is the thermophoretic diffusion coefficient, τ is the heat capacity ratio, ρ is the nanoparticle density and Cp f is the specific heat at constant pressure of the fluid.
SOLUTION OF THE PROBLEM
The suitable similarity variables are defined as follows. Let ψ be the stream function which automatically satisfies the Eq. (1) and is given by u = ∂ψ ∂y and v = − ∂ψ ∂x .
The appropriate similarity transformations are
By using the above similarity variables Eqs. (2), (4) and (7) and related boundary conditions (10) reduce to
where α is a thickness parameter of the wall and η indicates the plate surface parameter, Pr is the Prandtl number, Le for Lewis number, N b is the non-dimensional Brownian motion parameter, N t is the non-dimensional thermophoresis parameter, M is the magnetic field parameter and x K is the permeability parameter, β is the Deborah number and γ is the thermal relaxation parameter.
Equations (12)- (14) with boundary conditions (15) are nonlinear differential equations with a domain [α, ∞). In order to assist the computation and change the domain to become[0, ∞), we define
In the view of above transformations Eqs. (12)- (15) become
The related boundary conditions are
The important physical quantities of interest are the friction factor coefficient (Cf x ), the rate of heat transfer coefficient (N u x ) and the rate of mass transfer coefficient (Sh x ) are defined as
and
where Re x = U w (x + b)/ν is the local Reynolds number.
RESULTS AND DISCUSSION
The set of non-linear ordinary differential equations (ODE's) (12)- (14) with the boundary conditions (15) . It is noted that the improving values of M depreciates the fluid velocity. This is because increasing values of M develops the Lorentz forces which produce resistance to flow. Therefore, the velocity is decreases.In the physical view, the magnetic field parameter represents the ratio of magnetic force with the viscous force, so that the large value of M explicit the increase of Lorentz force. This is drag like force that produces more resistance to transport phenomena due to which fluid velocity reduces. Fig. 3 shows the influence of porosity parameter (K) on F (η). It is seen that the velocity profiles are decreasing function ofK. It is obvious that the presence of porous medium causes high limitations in fluid flow, which makes slow in its motion. Therefore, with increasing permeability parameter, the resistance to the fluid motion increases and hence velocity decreases.
Figs. 4-6 represent the effect of wall thickness parameter (α) on velocity, temperature and nanoparticle concentration fields. It is observed that the velocity, temperature and concentration and profiles are increasing function of α for n > 1, but reverse trend is observed for the case of n < 1. This is because from the boundary condition F (0) = α 1−n 1+n , for n > 1, we have F (0) < 0, i.e. mass injection and for n < 1 we have F (0) > 0, it represents mass suction at the wall. From these figures, it is observed that the flow is significantly decreases for suction while it is increases for injection. Further, all the three boundary layers thickness decreases for −1 < n < 1 but improved for n > 1.
Figs. 7 show the effect of power index parameter (n) on F (η). From this figure it is concluded that the hydromagnetic boundary layer thickness become thicker as nincreases along the sheet. This is due to the fact that higher values of n assist the fluid to slide faster over the surface which, in turn, makes the flow accelerate and the velocity boundary layer thickness increase. According to the nature of this problem, increase in velocity power index leads to slendering in the thickness of the sheet. This slenderness gives some boost to the flow velocity. The power index parameter has physical significations such that the parameter can controls the surface shape, kind of motion and the behavior of the boundary layer. It is clearly recognized that surface shape is profoundly relied on the numerical values of n such that the case of flat surface can be accomplished for n = 1 which has the constant thickness. For the occurrence of n > 1, the present study changed to surface whose thickness is reduced and for this situation a concave outer like surface shape will show up. Then again, if there should be an event of n < 1the surface has a convex outer shape and wall thickness is expanding. As we call 'n' to be the motion parameter, so this can control the type of motion. For n = 0 we have case of linear motion with constant velocity and n > 1compares to accelerated motion while n < 1 relates to decelerated motion.
The rising values of Brownian motion parameter (N b) increases the nanofluid temperature, it is presented in Fig. 8 . The reason behind the fact that more heat is generated for a nanofluid compared with a regular one and it leads to higher temperature. Whereas, the opposite trend is observed on Φ(η) (see Fig. 9 ). This figure Fig. 6 Effect of  on ()   . Fig.7 Effect of n on () Fig. 7 . Effect of n on F (η). analyzes that lesser value of N b leads to the thicker boundary layer thickness. It is interesting to note that the Brownian motion of nanoparticles at molecular and nanoscale levels are a key nanoscale mechanism governing their thermal behaviors. In nanofluid systems, due to the size of the nanoparticles, the Brownian motion takes place, which can affect the heat transfer properties. As the particle size scale approaches to the nanometer scale, the particle Brownian motion and its effect on the surrounding liquids play an important role in the heat transfer.
Figs. 10 and 11 reveal that the influence of thermophoresis parameter (N t) on Θ(η) and Φ(η). As N t increases the temperature and nanoparticle concentration profiles are enhanced within the boundary layer, therefore, we observed the development of thermal and concentration boundary layers thickness. It is clear that; positive N t indicates a cold surface while negative to a hot surface. For hot surfaces, thermophoresis leads to blow the nanoparticle volume fraction boundary layer away from the surface since a hot surface repels the sub-micron sized particles from it, thereby forming a relatively particle-free layer near the surface. In particular, the effect of increasing the thermophoretic parameter N t is limited to increasing slightly the wall slope of the nanoparticle volume fraction profiles, but decreasing the nanoparticle volume fraction. This is true only for small Lewis numbers for which the Brownian diffusion effect is large compared with the convection effect. However, for large Lewis numbers, the diffusion effect is minimal compared with the convection effect. Therefore, the thermophoretic parameter N t is expected to alter the nanoparticle volume fraction boundary layer significantly. to the fluid. Hence the fluid temperature increases.The influence of species diffusivity parameter (ε 2 ) on nanoparticle concentration distribution is plotted in Fig. 13 . It is evident that the larger values of ε 2 enhance the nanoparticle concentration and boundary layer thickness. This is because the species diffusivity is proportional to the concentration. Fig. 14 demonstrates the effect of Deborah number (β) on F (η). Physically, Deborah number is proportional to the retardation time. Thus, an increment in the β causes to improves the retardation time. Accordingly, the fluid flow is accelerated. Fig. 15 depicts the effect of thermal relaxation parameter (γ) on θ(η). It is clearly seen that the temperature decreases with the increase of γ. Physically, an enhancement in thermal relaxation parameter causes less heat transfer from sheet to the fluid. With this indication that the thermal boundary layer will be thinner when the relaxation time for heat flux is larger. Also, we conclude that the parameter γ behaves like a non-conductor. Fourier's Law can be deduced from the present model by applying γ = 0.
The numerical values of skin friction coefficient (Cf x ) and the rate of heat transfer and nanoparticle friction coefficients (N u x , Sh x ) for different values of flow parameters are presented in Table 2 . It is clear that Cf x , N u x and Sh x are decreasing functions of M and K. Due to the domination of opposing force, it is seen that an increase in M and Kdecreases the skin friction coefficient as well as the rate of heat and mass transfer coefficients. From this a conclusion has arrived that the magnetic field and porosity parameters are controlling the fluid flow. Also, the rising values of β and n enhances the skin friction coefficient. Whereas, it decreases with the improving values of α. Since the friction factor coefficient is proportional to flow velocity and wall thickness that tends to reduce the flow rate which causes the slower impact on sheet, hence the local skin friction coefficient decreases. The heat transfer rate (N u x ) is decreases with the increasing values of β, γ, n, N b and N t but it accelerates with the enhancing values of α. Further, the improving values of β, n and N t are decreases the nanoparticle friction factor coefficient (Sh x ). While the opposite Table 1 behavior is observed for the rising values of γ, N b and α. However, γ, N b and N t show no effect on Cf x . Table 2 . 
FINAL REMARKS
The hydromagnetic nanofluid flow over a stretching sheet through porous medium with variable wall thickness by using a new heat flux model namely, Cattaneo-Chirstov heat flux model is studied. The impact of various flow parameters on velocity, temperature and nanoparticle concentration as well as the friction factor coefficient, the rate of heat and mass transfer coefficients are derived and discussed through graphs and tables. The final remarks are 1. The friction factor coefficient is an increasing function of Deborah number and velocity index parameter.
2. A stronger magnetic field causes to increase the heat diffusion therefore; the heat transfer rate is decreases.
3. The enhancement of Le causes to decreases the Brownian diffusion coefficient. So, we noticed the reduction of nanoparticles concentration.
4. The larger value of the thermal relaxation parameter acts as non-conductor.
5. A greater value of wall thickness parameter leads to a large mass injection effect, which consequently enhances the fluid velocity while the opposite behavior is observed for mass suction effect.
